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ABSTRACT

The present paper extends the method of Cheng and Trumpler [5] to study
stability of plain cylindrical gas journal bearings of finite length, Both
equilibrium and stability results have been obtained.
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INTRODUCTION

It has been shown recently by many authors, [1 - 10] that one of the
most important considerations in designing a high speed gas-lubricated self-
acting journal bearing is the instability of the journal under a given operat-
ing condition. Intensive research in this direction has 'ed to a number of

significant contributions in the past five years.

The first attempt on this stability problem was accomplished by Sternlicht
and Rentzepis[Z]. Their analysis includes only partial effect of the time
variation of pressure in the Reynolds equation. The results predicted,
for the first time, the existance of the worst clearance ratio at which the
threshold speed of instability is minimum. The same results also indicate

the stability is enhanced by a large compressibility number.
(6]  (8)
Recently Castelli and Elroqc Aumma}, and Cheng and Trumpler[5 ]have

provided stability solutions for the infinitely long bearing. The results

of these investigations show reasonably close agreement.

A detailed summary and comparison of experimental data and various
solutions to this problem are included in a recent work by Pan and Sternlicht[lq.
They also give the results of a stability analysis using the quasi-static
linearized ph stability solution of the Reynolds equation for bearings of
finite length.

The major obstacle in this problem lies in the difficulty to obtain an
accurate solution of the non-linear Reynolds equation with the time dependent
term. The method of B. G. Galerkin applied to the function pk [5 ] has proven
to be a very effective way to handle equations of this kind. It has the
main advantage of reducing the Reynolds equation directly from the partial
differential equation to a system of first order ordinary differential equations
which together with the equations of motion of the journal yield quite readily
to stability analysis of the system. It also can be applied to bearings of more
complicated configurations such as partial arc bearings, so long as a dependable

quantitative description of the ph function can be guessed. .

The present report is essentially the extension of the work[ S]to the
stability study of finite journal bearings using Galerkin's method.

| P
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GOVERNING EQUATIONS

Considering a finite length journal and bearing system as shown in
Fig. 1, the equation governing the pressure in the gas film is the iso-

thermal Reynolds equation,
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Assuming the journal is perfectly balanced and that it rotates at a con-
stant rotational speed, the equations governing the translational motion

(as opposed to the conical motion) of the journal become
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Let & = PH, equation (1) becomes

\b .
a%(”y 60 W(H V&G)] (/-2,( a ............. %)

In order to apply the method of Galerkin to equation (4), we agsume
N M
171/ = H+ Z: 2 [C cosien-)E + A cosme cos(2n-1)E

n= ms=

/ DNE] e )
* B, ,Sinmé cos(2n ')E]
s TD
where g = 77§
Using Galerkin's method for m = 2 and n = 1, equations (2), (3) and (&)

are reduced to
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2./\."},%"— z./\.(/-zo'z)A,z+[(4¢5‘) B+ §‘c4¢8‘) B,
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The detail derivations of equations (6) to (12) are included in
Appendix I,
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EQUILIBRIUM SOLUTION

By setting all derivatives equal to zero in equations (6) through
(12), we obtain readily the equations governing the static equilibrium
position of the journal., Numerical solutions of equation (8) through
(12) for Clo,Allo,Bllo,Blzocan be obtained, using Newton-Raphson's
method [17) . Once Clo’Alloetc' are determined, the expression for the
load and attitude angle can be derived from eqs. (6) and (7). They are

)
%

2 2
Pm = 1‘1 [ (GOC/:' KJ- AI I.* (/Qo— /60 )A/Zo] + [ KS, B//,," Kao Bll.] -} -------- (13)

Ks. By, + KguBizo
Koo Clot KsoAro* (Koo Kso) Pizo

Tan C*; ==

The results of the equilibrjum solution are tabulated in Tables 1 to 4
and plotted as the load and attitude angle charts in Figs. 2 to 9,
Comparison between the present solution with two finite difference

numerical solutions ngl hZ] is also shown in Figs. 10 to 13,

In general, the present results compare quite favorably with finite
difference computer results, The largest error introduced by using

Galerkin's approximation appears to fall in two regions:

1, High ¢ and low A region:- In this region, the present theory
predicts a lower load and a higher attitude angle than finite
difference solutions. This type of error is due to the trunca-
tion error of the assumed function in the @ direction., The
same characteristic error was also observed in the analysis of
infinitely long bearings.

% and high A region:- 1In this region, the Galerkin method

gives a slightly lower load and attitude angle comparing to

2. Large

finite difference solutions. The reason for this error is that

only one cosine term is assumed in the axial direction. It is



conceivable that the results will be much improved if more
terms are considered in the axial direction. However, the
algebraic complexity introduced by assuming more terms in the

axial direction would also become much more formidable,
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Iv.

STABILITY OF THE EQUILIBRIUM SOLUTION

The stability of the equilibrium solution can be investigated by
considering a small perturbed displacement of the journal center and
small variations of the pressure coefficients, C, A, etc., which are
defined by

e = ¢+ e*
a = ozo + a*
° *
¢ = S *Gy,
All = A113 All e earaseet s et ettt ety Ceeeas (15)
*%*
Ay = At A

*
1= Budbn
%
12~ B1ad Bp2
Substituting (15) into equations (6) to (12), and neglecting all non-

linear terms, we obtain the linearized equations of the dynamical system

which can be written in the matrix form as

dx
AX +1 3= [+ B O, (16)

where the column matrix X represents

me Q

m

X = S veseess (17)

%*
11
11*
12
12

w > W > oA
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I is the unit matrix and A is a 9 x 9 coefficient matrix whose elements
are expresgsed in terms of the parameters Pm, A, %, and equilibrium

solutions €, 06’ clo’Allo etc. A complete list of these coefficients
is given in Appendix II.

The characteristic equation for the system represented by equation
(16) is a nineth degree polynomial whose coefficients can be determined
numerically by using Danielewsky's method [15] . After the characteris-
tic equation is determined, the stability of the equilibrium solution
can be investigated by applying Routh's Criterion [14] to the coeffic-
ients of the polynomial. For a given set of parameters %, €40 and A,
it is found that there exists a threshold speed below which the journal
position is stable and above which, unstable, The numerical calculation
of the polyncmial coefficients as well as the threshold speeds are per-
formed on an IBM 7090 digital computer, The results of the threshold
speed for different values of %, € and A are tabulated in tables 1 to 4
and also are plotted as the stability charts in Figs., 14 to 17,

The whirl frequency of the system at the threshold of stability can
be determined by extracting the roots of the characteristic polynomial
at the threshold speed., The complex conjugate roots which have a nearly
zero real part are identified as the whirl frequency, since its real part
is at the threshold of becoming positive, Complete whirl frequency maps
are calculated for % equal to 1 and 1/4 and are shown in Figs, 18 and 19,

The parameters used in the analysis are convenient for computation.
They cannot be directly used for design purpose, since both the parameters
a)(§E>and A involve the rotational speed. Another set of stability para-
meters more suitable for designing purpose was first given by Rentzepis and
Sternlicht. The advantage of that plot is that the speed can be varied
independently without changing other parameters. The conversion of the

present stability data to c and @ plot are shown in Fig 20 and 21 for
%. 2 and 1/2,



DISCUSSION OF RESULTS

1. Equilibrium Solutions

The overall agreement between the equilibrium solutions by the
Galerkin method and the finite difference method is quite encouraging,
considering the assumed functions for ph only include a few leading
terms of the Fourier series. The error contributed by the insufficient
terms in the circumferential direction becomes more pronounced for small
%, large ¢ and small A. The error of load factor for % =1/2, ¢ = 0.8
varies from 1% to 10% in the high A region and rises to approximately
35% in the low A region. The error disappears rapidly with decreasing
€. The second type of error is attributed to the insufficient terms
in the axial direction. Since only a single cosine term is chosen in this
axial direction, it is expected that the error will be amplified when
both % and A become large, regardless of the value of ¢. For % = 2,

e = 0.1, A = 100, this type of error increases to 18% for the load

factor.

2. Stability Curves

In general, the stability curves show the same trend as those
obtained earlier for the infinitely long bearing. Plotting the threshold
speeds for small values of A (on regular-scale graph paper), one can show
that the threshold speed tends to approach zero as A goes to zero, regard-
less of the value of ¢ and %. This fact verifies the theory that a non-
cavitated full film incompressible journal bearing is unstable.

For constant values of % and ¢, the stability curve rises rapidly
with increasing A, forms a hump in the middle range of A and finally
approaches an asymptote for extremely high A. The location of the hump
and the maximum threshold speed depend greatly on % and ¢. However, the
asymptotic speed at high A for each ¢ seems to change little with diffe-

rent values of %,

For % equal to 1/2 and 1/4, ¢ equal to 0.8 and 0.9, and high values
of A, the present theory fails to predict a meaningful threshold speed.
In this region, Routh's Criterion gives a very low threshold speed with

- 10 -
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the corresponding whirl frequancy many times higher than 1/2. It

is extremely difficult to determine whether this low threshold speed
actually exists in reality or is caused by an extraneous root due to
the truncation error in the assumed function. This region represents
either extremely heavily loaded or low ambient cases and thus is of
little practical interest. Such uncertain results in this region are
discarded,

3. Whirl Frequency Curves

The whirl frequency curves show that for a fixed % and ¢, the fre-
quency approaches an asymptote at small A, reaches a minimum value in
the middle range of A and finally approaches half-frequency at extremely
high A, It should be of interest to compare the asymptotic frequency

at small A with that of an incompressible experiment.

4, Comparison with an Earlier Theory

The comparison of the present stability curves and Pan and Stern-
licht's Quasi-Static theory [16] shows general agreement in trend for
large values of A\ (see Figs. 22, 23). On the C and o plot, they seem
to give gimilar slopes for a constant Pm, but the present theory predicts
a higher threshold speed in this region, At small A region, the two
theories give quite different slopes with the present theory predicting

a more conservative threshold speed,

5. Comparison with Experiment

Unfortunately, there exist only a few experimental data for
comparison., Fig. 22 shows some comparison with results made by Stern-
licht and Winn {9}, and Whitley-Bowhill-McEwan [7}. For % = 1 and Pm =
0.2, agreement is excellent in small A region, but less satisfactory
in high A region. For % = 2 and Pm = 0.1, agreement is very good with
Sternlicht-Winn's upper curve (the upper curve is the spontaneous in-
stability, while the lower data is obtained by giving an impulsive force
at successive speeds, and the speed at vi.ich the stability cannot be re-

stored is considered as the thres: ld speed). It is surprising that the

- 11 -
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few data obtained by Whitley-Bowhill and McEwan fall extremely close to
the present stability curves.

Such close agreement is probably acciden-
, tal.

(10]

The comparison with Reynolds and Gross data is shown in Fig. 23.
These curves seem to show a consistent trend, that the agreement is very

close at A values smaller than 1, but less satisfactory in higher A
region,

-12 -




VI. CONCLUSIONS

The method of Galerkin provides an effective technique to solve the
time-dependent non-linear Reynolds equation, and it lends itself very
conveniently in determining the stability curves for various operating

parameters.

The stability results using Galerkin's method show the same trend
indicated by earlier work (see Fig. 22), For example, a minimum
threshold speed is shown to exist in all theories when varying the
clearance under constant load., Also, the effect of L is similar

D
as given by Pan and Sternlicht,

Comparison of the present stability results with available experi-
mental data is encouraging (see Figs., 23, 24),
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VII.

RECOMMENDATIONS

1.

More experimental data 1s needed to establish a consistent cor-

relation with theoretical results such as given in this paper.

The non-linear Galerkin method should be applied to analyze the
partial arc bearings to obtain both equilibrium and stability
results. (This analysis is presently under way at MII.)

The response of the cylindrical gas journal under finite dynamic
load ( particularly impulsive laad) can be studied by performing
time-wise integration of the simultaneous, ordinary differential

equations on either an analog or digital computer

The present analysis can be readily extended to consider the stabi-
lity problem for the conical mode of a symmetrical rotor bearing
system. It also can be extended to study the dynamics of a non-

symmetrical rotor, (This analysis is presently under way at MTI.)

- 14 -
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APPENDIX I

Derivation of eq. (8) to eq. (12)

Substituting eq. (15) into the left side of eq. (4), we have

G35 (43503 -

Y,
Z Cn [e(coso+ émza)-(weme)z(zn-u’fj eos(an-1)§

ms=,
M N 2

- > } Aam| Smedm2) eosm-2)0 + & (m+)m-1) s (m-1)6
mz; nz,

+(n§.‘)m‘mma + E(m-£)m+i)cos(m+ 1) +§_(m—/)(rnf2) wS(mr2)é

4 @n=1)8 s+ C—wsa)zwsméj + Bpm [ f—tlmw)(m-Z) Sin(m-2)8
l )

+ é(m*é Ym-1)Sin(m-1)@ + (14 ?_—)mfrl'nma + e/m.zi)(mﬂ)s.'n(m»«-/)e

T 2, -
+4§'1(M-l)('ﬂ+?.)51ln (m+2)6+(zn-/)’.§' (1+ ¢ co38) S:nMG]j cos(zn-1) §

N N
+/!ZJZ C!Cn{zé co36 [C‘S Z(/+n—r)§_+ 259 Z//—")f] —'(20-/) S (1+4€¢co3p)
* nxy

[(f+n-:)6¢rsz(1+n-/)§_+(/—n) ersz(d-n) f]}

N M N
- Z 2 2 CeAnm z—'[m‘wsmo + §(mu)[m-l) cas(mei)g + -Zcz(mu)/m~/)cax/m-l)«9J

£3) may mzy .
[erszibon-0F + u:zél-n)f] +zn-1)S (1+€anb) cosme
[@en-1)eoszthben-1)E + (£-n)cox z(j-n);‘] }

N MM
- 2 Z z C;,B,.,,,{é[m‘\s,'nmo+ §{m+:)(m-/) Stn(mer)g + zf(mn)(m-l)s;'n(m-l)g

l=, mz, Nz

- U
[cosatban- )S * costif-n)S [+ (2n-1) (1+ €cso) sinme
(pore sl d5 « o)zt -m 1]
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A
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<
3
x
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(o6 208en-136 + n 208-n) £ ]+ (20-13 8 (1# € crs0) casho eosms
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M m N
- ZEZZ BMAM{Z" [MIM"K) Sin(m+4)8— m (m-A) sin(m-4£)8
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-ﬁ:lezn LY
+§(¢m-v)(m+,£+l) Si'n (m-ﬁ,&w)g - g[m-l)(m—/“,)s;'p(m.,,(w) Y]
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[coselen-1)§ + sz (bn )§ J £ (2n-1) S+ €wss)sinho wsme
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s§ (me ) (mehe1) 5in(meh-1)@ + § (me 1) (k1) s (mA-1)8]
[emathen-)§ s coszth-n)§ ]+ (2n-1) § (1reense) cnBo 5. me

[(Lsn-Dyernz(Len-1) § ¢ (d-n) cie(l-n)E ] g
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Md MmN
- ZZZZ 54::3»..{4%[’"('"*4)“3(’"*4)9 +m(h-m)cos (h-m)0

FYNR AL ¢
+ %[m-:)(mﬁ‘“)wg{mféu)& 4 z(m—')(ﬁ-m-/)ws!l-rn-/)ﬁ

+ f(m+/)/£+m- 1) eos(sm-1)g + g("'*’)(ﬁ—mﬂ)w?/#-mﬂ)ﬂj

[wgb(j..,,.,) f + wsz(/-n)f J +(2n-) S‘-(Hc—,ma)sfnﬁesl'nmﬂ

[([-m-') MZ(/-&V)—/){J- (ﬁ‘n)bfs Z/l—n)f]} (Al)

Letting
- o
@(y) -90[“,’(” wa@] ) —A-(/ 20()38 Z % { A2)

then the Galerkin procedure gives the following set of equations:

+T om

// KY) coszn-n§ 4§ do = o Awl, oo N (A3
o

-3 %

4— 2

/ / R(Y) ws(zr-0E eospodide =0 ;:,‘ M {Ab )

13 2T

j /@(}b) ess (2n-1)§ s:nza dfde =0

,em-- N A
+ A5 )

Az
Substituting (Al) into (A3), (A4), and (A5), and letting M = 2 and N = 1,
we have eq. (8) to eq. (12).

i
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Derivation of eq. (6) and eq. (7)

After substituting ¥ into the fluid force terms

in the equationsof motion, the radial force becomes

+T om

,C; Z-'II-"' / ;—f cose d6 df
o

-3 Jo

[ "? o ,

pr / Cosg'a/f/ %—(/4«; C +A,cs6+8,5ne+h,cs28
-7 °

+B,,5020)d6

/
= 7 [/ecc,* K A (Ke- A’x)/‘u] (46 )

Similarly, the tangential force becomes

7T aw
Fo = 5';7,‘/ —sne dé df
HIpA T
L oo o[ sine :
= 2 cos§ dg T(H‘*C/+/4HC’59*B//S"’9*A/;C"329
H + B, s'n26)de

1
= 5;-( KsB) + Kg B, )

(A7)
where
Ky = 55%53)
AU
Ke = =<tern

S (-t

- 18 -
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APPENDIX II
LINEARIZATION
Equations (6) to (12) are linearized by expanding each term in Taylor's
series with respect to the equilibrium solution and only keeping the linear
term., The procedure is straightforward; therefore, only two examples will
be given here and the rest results are listed as the coefficients in table 5.
1. Linearization of Fr
FA = KoC +K3Ay +(L"-[a)/4/2
g KeoCy, + /(_,,A,,o + (Kc.-Ka.)A/z,
oks 2K . 7oK _oks ] -
+[a—é C/c + Sé A//o (ae >€ )A’ZO €
»
» »
+ Koo C, + K3 Ay + ( Keo-Kso) Al (A9)

T
2. Linearization of 3787, € (/4;,4114 B/,B/:)
Y - st
Ue(Ahn+8.8:)F 52 [ € Anohat Buobuc)
* * * [ ')
*(Arohiz, * Bt B/z,) € ¢ f.(A e Az * A sze AII * 81812 *B/z.gu

( Al0)

where the subscript o represents the equilibrium solution.
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NOMENCLATURE

A Coefficient matrix of the stability equat ion.

Cl’ All’Bll’AIZ’BIZ Pressure coefficients.

c Radial clearance, in. (also used as a pressure coeff.).
_ MR Pa 211/5 C

c [(F-) (m) J R dimensionless clearance.

D Diameter of the journal, in,

e Eccentricity, in.

F Load, 1b,

Fr Radial load, 1b,

F. Tangential load, lb.

h Film thickness, in.

H Dimensionless film thickness.

I Unit matrix,

m, n, k, 1 Index for the pressure coefficients,

M, N Index for the order of approximation of ph function,
P, 9, T See equations (A3), (A4) and (A5).

L Length of the journal, in.

X3 S

Ks T

%6 - SED
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2
- (sil)z

D

L

Nja

Mass of the journal, slug.
Pressure, psia

Ambient pressure, psia

p/p,
F
p,LD

Radius of the journal, in,

a - €2)1/2

Time, sec,

See definition (17)

Coordinate in the axial direction, in.
Eccentricity ratio.

Viscosity, lb.sec./in.2

wt

Attitude angle.

Coordinates in the circumferential direction.
z/R /

Rotational speed of the journal.

1/5
(@7 ]
a

PH

buw  (Ry2
o @

w

whirl frequency
W

R
~

C)

>
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TABLE 1
Load, Attitude Angle and Threshold Speed for L = 2

o e AR

D
“we X
MC

A fﬂ o w( F)
0.1 0.00789 86.38 0.3203
0.5 0.03774 72.50 0.6356
1.0 0.0672 57.87 0. 7846
2.0 0.0997 38.70 0.8765
5.0 0.1227 17.83 0.8697
10.0 0.1275 9.141 0.8221
20.0 0.1288 4,600 0.7900
100.0 0.1292 0.922 0.7838
0.1 0.01596 86.16 0.4453
0.5 0.07622 71.55 0.9115
1.0 0.1357 56.69 1.1038
2.0 0.2033 37.92 1.2331
5.0 0.2548 17.56 1.2235
10.0 0. 2660 9.011 1.1566
20.0 0.2691 4.535 1.1114
100.0 0.2700 0.909 1.1027
0.4 0.1 0.0332 85.23 0.6797
0.5 0.1593 67.79 1.3647
1.0 0.2863 52.03 1.6046
2.0 0.4431 34.72 1.7487
5.0 0.5916 16.48 1.7419
10.0 0.6298 8.489 1.6262
20.0 0. 6405 4,275 1.5563
100.0 0. 6440 0.8568 1.5381
0.1 0.0529 83.61 0.9609
0.5 0.2620 61.44 1.8993
1.0 0.4916 44,41 2.0997
2.0 0.7953 29.10 2.1407
5.0 1.1491 14.46 2.0988
10,0 1.2655 7.5402 1.9431
20.0 1.2997 3.8035 1. 8444
100.0 1.3110 0.7626 1.8084
0.1 0.0777 80.56 1.4765

0.5 0.4319 50.84 2.901
1.0 0.9081 33.01 3.0202
2.0 1.5684 20.54 2.5896
5.0 2.4178 10.80 2.3519
10.0 2.7931 5.805 2.1038
20.0 2.9146 2.943 1.9641
100.0 2.955 0.591 1.8950
0.1 0.0967 76.81 2.0391
0.5 0.6340 40.76 5.1056
1.0 1.4938 24.17 4.497
2.0 2.7078 14.34 2.9075
5.0 4.2546 7.7261 2.4816
10.0 5.0487 4.2665 2,1617
20.0 5.3265 2.1758 1.9844
100.0 5.4211 10.4373 1.9146



TABLE 2

Load, Attitude Angle and Threshold Speed for *% =]
Mck
€ A By a, o) N
0.1 0.1 0.00370 88.29 .2578 4976
0.5 0.01831 81.52 .5559 .4979
' 1.0 0.03551 73.43 .7556 .4985
! 2.0 0.06394 59.38 .9387 .4996
1 5.0 0.10551 34.32 1.0340 .4997
: 10.0 0.12180 18.90 L9774 .4996
20.0 0.12757 9.72 .9240 .4998
50.0 0.12899 3.92 .9023 .5000
100.0 0.12914 1.96 .8953 .5000
0.2 0.1 0.00758 88.11 .3671 .4902
' 0.5 0.03747 80.68 7974 .4912
1.0 0.07249 71.97 1.0778 .4935
2.0 0.12998 57.48 1.3388 .4979
5.0 0.21650 33.08 1.4487 .4986
10.0 0.25291 16.25 1.3751 .4982
20.0 0.26547 9.39 1.2945 .4992
50.0 0.26935 3.79 1.2693 .4999
100.0 0.26992 1.89 1.2593 .5000
0.4 0.1 0.01660 87.34 .5703 L4567
0.5 0.08201 77.07 1.2386 .4595
. 1.0 0.15829 65.86 1.6354 .4667
2.0 0.28302 49.96 1.9101 4840
5.0 0.48529 28.38 2.0071 .4918
10.0 0.58882 15.85 1.9051 .4917
20.0 0.62882 8.19 1.7935 . 4965
50.0 0.64164 3.31 1.7304 .4993
100.0 0.64353 1.65 1.7237 .4998
0.6 0.1 0.02861 85.75 .85156 .3968
0.5 0.14364 69.90 1.8162 .3978
1.0 0.28529 54.90 2.3057 .4014
2.0 0.52462 38.24 2.5309 .4180
5.0 0.92022 21.43 2.4221 4536
10.0 1.16019 12.33 2.2424 4713
20.0 1.26773 6.46 2.0759 .4888
50.0 1.30417 2.62 1.9867 .4980
100.0 1.30965 1.31 1.9790 .4995
0.8 0.1 0.04635 82.29 1.3671 .3230
0.5 0.25550 56.43 2.9426 .2984
1.0 0.56879 38.32 3.7185 .2715
2.0 1.12187 23.92 3.6096 .2909
5.0 1.96448 13.13 3.0526 .3498
10.0 2.52521 7.93 2.4862 L4214
20.0 2.82464 4.26 2.1657 L4712
: 50.0 2.93462 1.74 —_— —_—
100.0 2.95150 0.87 —_— —
0.9 0.1 0.060917 78.12 1.9140 . 2867
. 0.5 0.39428 44.07 5.2711 .1846
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Table 2 (con'td.)
X
MC

A L2 o oF) A
.1.0 0.98910 26.83 7.2323 1414
.2.0 2.04802 15.71 4.3436 .2354
5.0 3.54985 8.41 3.33%1 .3091
10.0 4.55718 5.21 2.6243 .3892
20.0 5.14859 2.86
50.0 5.37737 1.18

00.0

5.41302 0.59




- 28 -

L p—— e <

TABLE 3 ,
Load, Attitude Angle and Threshold Speed for -%- -k
A P o w('-q'g)li
m [} F
0.1 0.00119 89.45 0.1484 Note: There
0.5 0.00592 87.24 0.3432 is no A = 50.0
1.0 0.01180 84.50 0.4881 for L/D = %
2.0 0.02329 79.11 0.6787
5.0 0.05357 64.51 0.9916
10.0 0.08673 46.67 1.1233
20.0 0.11302 28.08 1.0794
100.0 0.12843 6.11 0.9698
0.1 0.00246 89.37 0.2266
0.5 0.01227 86.85 0.5027
1.0 0.02444 83.73 0.7148
2.0 0.04809 77.68 0.9884
5.0 0.1095 62.14 1.4131
10.0 0.1770 44.55 1.5842
20.0 0.2333 26.79 1.5285 '
100.0 0.2682 5.83 1.3553
0.1 0.00564 89.00 0.3672
0.5 0.02816 85.03 0.8090
1.0 0.05600 80.18 1.1440 X
2.0 0.10960 71.27 1.5461
5.0 0.2443 52.42 2.0836
10.0 0.3930 36.43 2.2220
20.0 0.5345 22.02 2.0918
100.0 0.6383 4,841 1.8548
0.1 0.01050 88.12 0.5859
0.5 0.05259 80.69 1.2909
1.0 0.10561 72.03 1.7901
2.0 0.21172 58.03 2.3845
5.0 0.48124 36.89 3.0831
10.0 0.7613 24.83 3.1493
20.0 1.0468 15.42 2,5649
100.0 1.2959 3.50 2.0991
0.1 0.01882 85.69 1.0547
0.5 0.09810 69.50 2.3483
1.0 0.21447 53.78 3.3849
2.0 0.4877 36.00 4.9782
5.0 1.1580 19.50 3.0627
10.0 1.7351 12.82 2.2672
20.0 2.3152 8.315 3.3919
100.0 2.9150 2.000
0.1 0.02614 82.37 1.5703
0.5 0.15119 56.42 3.8951
1.0 0.3809 37.68 9.4715
.2.0 0.9636 22.48
5.0 2.2829 11.35
10.0 3.2816 7.29 ——
20.0 4,2517 4.80 —e
100.0 5.3433 1.20 —
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TABLE 4
Load, Attitude Angle and Threshold Speed for —g— -k

¥
C
A %n ao w@%;) A
.0.1 0.00032 89.85 0.0859 .4995
0.5 0.00159 89.25 0.1880 .4995
1.0 0.00319 88.51 0.2643 .4995
2.0 0.00637 87.01 0.3717 .4996
5.0 0.01581 82.58 0.5867 .4996
10.0 0.03087 75.47 0.8158 .4997
20.0 0.05678 62.84 1.0517 4999
50.0 0.09973 38.35 1.1585 .5000
100.0 0.11944 21.66 1.0770 .4999
0.1 0.00066 89.82 0.1172 4971
0.5 0.00332 89.13 0.2710 4971
1.0 0.00665 88.26 0.3811 L4972
2.0 0.01328 86.52 0.5538 4972
5.0 0.03289 81.41 0.8566 L4974
10.0 0.06379 73.44 1.1712 .4979
20.0 0.11608 60.22 1.4914 L4991
50.0 0.20443 36.44 1.6254 4997
100.0 0.24769 20.59 1.5047 4997
0.1 0.00156 89.71 0.1953 L4759
0.5 0.00782 88.53 0.4456 4759
1.0 0.01563 87.08 0.6335 .4759
2.0 0.03119 84.19 0.8810 4760
5.0 0.07685 75.9 1.3697 L4761
10.0 0.14691 64.49 1.8244 4765
20.0 0.26024 49.58 2.2164 .4780
50.0 0.46043 29.34 2.2597 .4886
100.0 0.57632 16.70 2.0567 .4954
0.1 .00303 89.40 .3203 .4190
0.5 .01514 87.02 .7357 .4188
1.0 .03029 84.07 1.0288 4184
2.0 .06072 78.33 1.4549 .4160
5.0 .15282 63.42 2.2107 .4031
10.0 . 29899 47.38 2.8756 .3748
20.0 .52310 33.06 3.6563 .3237
50.0 .89971 19.49 3.1921 .3729
100.0 1.14660 11.41 2.4377 .4603
0.1 0.00573 88.45 .6328 .3277
0.5 .02883 82.33 1.4139 .3257
1.0 .05871 74.98 2.0159 .3188
2.0 .12455 62.07 2.9215 <2934
5.0 .37025 38.82 5.6890 .1860
10.0 . 77898 24.54 8.4947 .1283
20.0 1.30347 15.83
50.0 2.039% 9.52
100.0 2.5593 5.87
0.1 .00820 86.99 1.0078 .2777
0.5 . 04219 75.30 2.2754 . 2682



Table 4 (con'td.)

¥
MC
R a () A
.09099 62.43 3.4042 . 2402
.22099 44.26 7.0147 1414
. 78206 22.95
1.6488 13.63
2.61783 8.49
3.82627 5.07

4.70404 3.22
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TABLE 5
Coefficients for the Linearized Equations (16)
a, =©

P coSolo
2t T e

0,530

—26@ B Z(Z S°) B
Ay = 06, KAZAT e * So(Sot1)r Y2

N
~
¥
o

Gy = e | s+ )

]
A9 * 12 [(s,u)]

az, = -/

Q22 ® Q23 = Qeg = O2s = Qoo = Gy = A9 = Qg = ©

Qs = ©

QAsz = _g‘" S/nddo

Q33 = ©

ane = % (255552 0 [ EE2 an fEE A
s * 7 [E.z(e:—:n)]

) -2
Qic= .s.(:.w)]
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037 s O

n 26,
d;g s 0 [So(S.* ’)"
Tsq = ©

Qa;> Gy = 0O

Oexy= -1/

Quy = Qus 2 0a4 = Quy = Qys = Qug = ©

As) = sz = Aés = O

2z

dss = zs.[/\. [ €Cpt Ao * ?A/b* 3';7-00'4//- 37[- (AnoAyz.~ Bir. By2e )J
ass = [+ $) 3%,-6.*3‘—,, e.A,,,]

ds¢ = o0 [6° 3 A"‘ + é’ Cro + 37f € /411.]

sy * e’.'A. [‘33'? Brso *s‘z-FF < B |

dse * z‘ajt s_:'rA/?o" %L" 3'%7"6.'4//0]

sy * 21 [nr Biea * 3’-7 < 6,,‘,]

Qe = - By,
Aer = 0

Des * ,1,.
Gy ® EZJ-/)C,,-‘»(JU-S)A,,. $3e.4y, + 31;-{‘;'2)51. "“(3:“) Ao

;‘4 = (An=8 ) * 31;-(3 )( s Bug+ Aee + Biza )] A

a‘s = z"',z- [(ZJ“I)&- -+ 2(J’I)AII. 31’-(;“) é C/o 37’- (J*4) 66‘/&)
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/ T .t
Qs * 3 (J}-:)vée,d' - 3‘1,:; (St:)A,z.-‘- ,".z‘;zéoAIZ." %(J‘i/) C,o]
deq * -2'— + M I £ (5%1)8),, + (Jil)é'B/e.]
[ 2 4
Qs = 'Z'I[(%-*J )e,,*-;;,_(;-’m)é. C/°‘3%r (Ji:) Ay =+ 3%. cS-’z)g,A,&]

s [E.ci8,,+ & i) €8 )

Qg
Ay v Aue %ea
G792+ 20

L PCRY. S_;_j + 2 o0t B 2 .t 5
Prg e 57 (5% )8+ OFF €81y + 57 (3+4) G By, 2% (50 0) Abl = 7
drs * z/[[ C’*')B//.*ﬁr(é'w)cos,e,:’

A * -f 42-1-1[ 34%(53/)5,3, +3-31-7_(Jf1-4-) éoB//a]
a77° Z.IL[(;“)

07‘ = éj_[—.s'n- (JJ-I)B//.]

;**e (si/)c,—;‘f; (5%1) 412, +32?(Ji 4)@4,,.]

Qr = 5 [(si-g)e. +E(Sie)a G+ Fl5r) An]
Ag, = - 28/20
dgs = Qg =0
Gs¢ = 55 [(:iz)e.g,, P (5 A+ (F30) €A+ E (572 )G A
-3# (544 Pulre - q‘% 8y, B/e.]
! 2 €.t ? A
a': s -2.—:1. (F-2) 2‘ (;"‘ ¢) 120 = Ir (J'z) @ 4//0

Gae = T [(rner E(ste G r £ (54e) A,,,-‘Ji,,(Jh)c.A,,,J
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- Pg; * ﬁ[’.}%‘ (53’4)311.‘,% G.B/z.J
At = 211[5%(534)(/. * #/;ht) €Ayt (514-)(/*;9‘)]

L, 8
a.,: /"51(";605/»)

a’l = 24120

Aer = 993 = O

g = 39 [1774) €1z (541)Bro+ (5521 GoBu * . (5%2) A8,

+ '}- Az By, ]

'
des = ;A [% (514-)8,20 ‘3‘&(5.:")605//0]

A9 = ZL/I [ £ (5+4) 8y, ~£ (F4¢) 6,3,2,]

. .

ds, * .‘,_-'/-L[(J-I/)éo-*j%(é'}z)‘ocn * %[514-)'4/»-‘ —'5?@-/4/2._7
! £
q,, s —/ -* 27_ (?60 B/IO)

L x '
Gry = 72 (539002 €1« B G6E @) = o (R0 cue]
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